The aim of this paper is to improve vehicle crashworthiness using vehicle dynamics control systems (VDCS) integrated with an extendable front-end structure (extendable bumper). The work carried out in this paper includes developing and analyzing a new vehicle dynamics/crash mathematical model in case of vehicle-to-vehicle full frontal impact. This model integrates a vehicle dynamics model with the vehicle's front-end structure to define the vehicle body crash kinematic parameters. In this model, the anti-lock braking system (ABS) and the active suspension control system (ASC) are co-simulated, and its associated equations of motion are developed and solved using Incremental Harmonic Balance Method (IHBM). An Under Pitch Control (UPC) technique is used to minimize the deformation zone, pitch angle and its acceleration. The simulations show considerable improvements using UPC alongside ABS with and without the extendable bumper (EB), which produces additional significant improvements for both vehicle boy acceleration and intrusion.
Introduction
The increasing public awareness of safety issues and the increasing legislative requirements have increased the pressure on vehicle manufacturers to improve the vehicle crashworthiness. Accident analyses have shown that two-thirds of the collisions in which car occupants have been injured are frontal collisions [1, 2] . Despite worldwide advances in research programs to develop intelligent safety systems, frontal collision remains to be the major source of road fatalities and serious injuries for decades to come [3] . The evaluation of the deformation behaviour of the front-end of passenger vehicles has been based on the assumption that in frontal collisions, the kinetic energy of the vehicle should be transformed into plastic deformation with a minimum deformation of the vehicle [4] .
Many different techniques were studied to investigate the opportunities of the vehicle collision mitigation. These techniques can be classified as pre and post-collision. The most well-known precollision method is the advance driver assistant systems (ADAS). The aim of ADAS is to mitigate and avoid vehicle frontal collisions. The main idea of ADAS is to collect data from the road (i.e. traffic lights, other cars distances and velocities, obstacles etc.) and transfer this information to the driver, warn the driver in danger situations and aide the driver actively in imminent collision. There are different actions may be taken when these systems detect that the collision is unavoidable. For example, the brake assistant system (BAS) [5] and the collision mitigation brake system (CMBS) [6] were used to activate the braking instantly based on the behaviour characteristics of the driver, and relative position from the most dangerous other object for the moment. While ADAS was investigated, developed, and already used for some modern vehicles, it is still far away from its goal to prevent vehicle collisions.
In terms of the enhancing crash energy absorption and minimizing deformation of the vehicle's structure in post-collision, two types of smart front-end structures, namely: extendable and fixed, have been proposed and analysed to mitigate vehicle collision and enhance crash behaviour in different crash scenarios [7] [8] [9] [10] [11] [12] . The extendable smart front-end structure, which is considered in this paper, consists of two hydraulic cylinders integrated with the front-end longitudinal members of standard vehicles. The hydraulic cylinders can be extended in impending collisions using radar techniques to absorb the impact kinetic energy proving that smart structure can absorb more crash energy by their damping characteristics. For this smart structure, several mathematical models were developed and analytical and numerical simulations were presented [7] [8] [9] [10] [11] [12] .
In the same way an extendable and retractable knee bolster was mathematically presented [13] . This can be extended at the threat of impending collision and retracted if the threat is suppressed. This system was proposed to be positioned in the lower portion of the instrument panel of a vehicle at knee height to an occupant. Another extendable and retractable bumper (E/R bumper) was presented analytically and experimentally [14] . Also the E/R bumper extends at impending collision to give an extra gap for absorption of crush energy and retracts when the threat disappears. This system provides a maximum bumper extension of 100 mm which is suitable for a maximum crash speed of about 60 km/hr.
Modern motor vehicles are increasingly using vehicle dynamic control systems (VDCS) to replace traditional mechanical systems invehicles, which control the dynamic vehicle motion in emergency situations. Anti-lock brake system (ABS) is used to allow the vehicle to follow the desired steering angle while the intense braking is applied [15] . In addition, the ABS helps reducing the stopping distance of a vehicle compared with the conventional braking system. The Active suspension control system (ASC) is used to improve the quality of the vehicle ride and reduce the vertical acceleration [16, 17] .
An extensive review of the current literatures showed that a little research exists on the influences of vehicle dynamics on vehicle collisions [18] . The influence of the braking force on vehicle impact dynamics in low-speed rear-end collisions has been studied [19] . It was confirmed that the braking force was not negligible in high-quality simulations of vehicle impact dynamics at low speed. The effect of vehicle braking on the crash and the possibility of using vehicle dynamics control systems to reduce the risk of incompatibility and improve the crash performance in frontal vehicle-to-barrier collision were investigated [20] . They proved that there is a slight improvement of the vehicle deformation once the brakes are applied during the crash. A multibody vehicle dynamic model using ADAMS software, alongside with a simple crash model was generated in order to study the effects of the implemented control strategy.
In this paper a unique vehicle crash/dynamics mathematical model is developed. This model is used to investigate the mitigation of the vehicle collision in the case of full frontal vehicle-to-vehicle crash scenario using VDCS and an extendable bumper.
Mathematical Modelling
The main advantage of the mathematical modelling (using numerical and/or analytical solutions) is producing a reliable quick simulation results. The mathematical modelling tool is preferable in the first stage of design to avoid the high computational costs using Finite Element (FE) models. Two analytical models were created using a computer simulation, one for vehicle component crash and the other for barrier impact statically and then both models were merged into one model [21] . To achieve enhanced occupant safety, the crash energy management system was explored [22] . In his study, he used a simple lumped-parameter model and discussed the applicability of providing variable energy-absorbing properties as a function of the impact speed.
In this paper, 8-Degree-of-Freedom (DoF) vehicle dynamics/ crash mathematical models is developed to study the effect of vehicle dynamics control systems on vehicle collision mitigation. Full frontal vehicle-to-vehicle crash scenario is considered in this study.
As shown in Figure 1 , vehicle "a" represents the vehicle equipped with extendable front-end structure and vehicle "b" represents the existing standard vehicle. The impact initial velocities of both vehicle "a" and vehicle "b" are v a and v b , respectively.
In this model, the vehicle body is represented by lumped mass m and it has a translational motion on longitudinal direction (x-axis), translational motion on vertical direction (z-axis) and pitching motion (around y-axis). The front-end structure is represented by two nonlinear springs with stiffness's k su and k sl for the upper members (rails) and the lower members of the vehicle frontal structure, respectively. The hydraulic cylinders, with length l g , are represented by dampers with damping coefficient C b . The cross members (vehicle "a") and the bumper are represented by lumped masses m cm and m ca , respectively, and they only have a longitudinal motion in x direction. The bumper of vehicle "b" is represented by m cb . It is worthwhile noting that in the case of vehicle-to-vehicle frontal collision, the masses of the two bumpers (bumpers assembly), m ca and m cb , are assumed to be in contact throughout the crash process and have the same velocity and displacement in longitudinal x direction. The mass of the two bumpers are defined by m c and provides a mechanism of load transfer from one longitudinal to the other.
The ABS and the ASC systems are co-simulated with a vehicle dynamic model and integrated with a non-linear front-end structure model combined with an extendable bumper as shown in Figure 1 . The general dimensions of the model are shown in Figure 1 , where l f , l r , h, e 1 and e 2 represent the longitudinal distance between the vehicle's centre of gravity (CG) and front wheels, the longitudinal distance between the CG and rear wheels, the high of the CG from the ground, the distance between the CG and front-end upper springs and the CG and frontend lower springs respectively. At the first stage of impact, deformation of the front-end and vehicle pitching are small and only the lower members are deformed through the extendable bumper. At the end of impact the deformation of the front-end reaches its maximum level (for the upper and lower members), vehicle pitch angle increases and the rear wheels leave the ground. It is assumed that the front-end springs are still horizontal during impact, and they will not incline with the vehicle body.
Two spring/damper units are used to represent the conventional vehicle suspension systems. Each unit has a spring stiffness k S and a damping coefficient c. The subscripts f and r, u and l denote the front and rear wheels, upper and lower longitudinal members, respectively. The ASC system is co-simulated with the conventional suspension system to add or subtract an active force element u. The ABS is cosimulated with the mathematical model using a simple wheel model. The unsprung masses are not considered in this model and it is assumed that the vehicle moves on a flat-asphalted road, which means that the vertical movement of the tyres and road vertical forces can be neglected.
The equations of motion of the mathematical model are developed to study and predict the dynamic response of the vehicle-to-barrier in full frontal crash scenario as follows:
The scripts and are the acceleration of the vehicle body in longitudinal direction and vertical directions, respectively. is the rotational pitching acceleration of the vehicle body. Subscripts a, b, c m and c represents vehicle "a", vehicle "b", cross member of vehicle "a" and the two vehicle bumpers, respectively. F s , F S , F b and F d are frontend non-linear spring forces, vehicle suspension forces, braking forces and the damping force of the extendable bumper hydraulic cylinder, respectively. I yy represents the mass moment of inertia of vehicle body about y-axis. d 1 and d 2 represent the distance between the CG and the upper springs force and the lower springs force for each vehicle due to pitching rotation, respectively and can be calculated using figure 2 as:
There are different types of forces which are applied on the vehicle body. These forces are generated by the deformation of the frontend structure and damping of the extendable bumper due to vehicle crushing, conventional suspension system due to the movement of the vehicle body, and the active control systems such as the ABS and ASC.
To simulate the upper and lower members of the vehicle frontend structure, multi-stage piecewise linear force-deformation spring characteristics are considered. The non-linear springs used in the multi-body model (ADAMS) [20] are taken to generate the n stage piecewise spring's characteristics [23] . The forces of the front-end springs are calculated using the general relationship between the force and deflection of a non-linear spring as follows:
where k s and δ represent the stiffness and the deflection of the frontend spring, respectively. The subscript i indicates the spring location (u: upper right spring, l: lower right spring) and the subscript j indicates different stages of the force-deformation characteristics as shown in Figure 5 . The stiffness of the spring k s and the force elements F ij vary according to the different stages of the deflection δ and can be defined as follows:
2 ,
3 ,
sin ,
sin ( 1) ( )
where the deformation of the front-end springs δ i can be calculated using figure 2 as follows: 
where x cm and x c are the longitudinal displacement of the cross member, bumpers assembly, respectively. δ θu and δ θl represent the deflection of the front end due to pitching and can be calculated for both vehicles using 
The damping force of the extendable bumper that generated from the vehicle crash is expressed as follows:
where c d is the damping coefficient of the hydraulic cylinder of the extendable bumper, cl x  is the velocity of the lower cross member. The suspension forces are generated via vertical and pitching movements and the velocity of the vehicle body and can be written as follows:
where z and θ are the vehicle body vertical displacement and pitching angle, respectively, and z  and θ  are the vehicle body vertical and pitching velocities, respectively. The ASC force elements (u) are applied in the vertical direction parallel to the existing conventional suspension system for vehicle "a". It is worth mention that vehicle "b" is in a free rolling mode in all cases. The ABS and ASC control systems are co-simulated with the mathematical model. To calculate the braking force generated from the ABS, a simple wheel-road model is used, and its associated equation can be written as [23, 24] .
where µ is the friction coefficient between the tyre and the road, λ is the tyre slip ratio, F z is the vertical normal forces of the tyres. The subscript k indicates the wheel's location (f: front wheels and r: rear wheels). The ASC force elements are taken in parallel with the existing conventional suspension system and applied in the vertical direction. The maximum active suspension force is considered to be 2000 N on each wheel with the maximum suspension travel limit of 100 mm, taking into consideration the response time of the ASC system [25] .
Analytical Approach: Incremental Harmonic Balance Method
The mathematical model shown in Figure 1 is used to obtain the dynamic response of the two vehicles involved in frontal full collision. The equations of motion (1-8) can be described in general by ordinary nonlinear differential equations of the matrix form:
where x , x  , and X are the N×1 acceleration, velocity and displacement vectors, respectively. N is the number of degree of freedoms for the models in M, C L , C NL , K L , K NL , F are mass, linear damping, cubic nonlinear damping, linear stiffness, cubic nonlinear stiffness and force matrices, respectively.
There is no known general solution of the nonlinear equation of motion in Equation (26) . The purpose of this section is to describe a method that can be used to find the analytical solution of Equation (26) . One of the most popular methods for approximating the solutions of Equation (26) is known as Incremental Harmonic Balance Method (IHB). The IHB method was developed by [26] . The IHB method was successfully applied to various types of non-linear structural systems. Although it is valid for multi-degree-of-freedoms, the applications of this method were limited to study the steady state response with two degree-of-freedom system. Moreover, only nonlinear stiffness characteristics have been considered in the work of [26] [27] [28] [29] [30] [31] [32] [33] .
To apply the IHB method, first define time variables:
Further, two differential operators are defined:
By using Equation (27 and 28), Equation (26) can be rewritten in the form:
As a first step of the IHB method, apply the Newton-Raphson iterative procedure by expressing the current solutions , as the sum 
The nonlinear matrix differential equation (30) can be linearized by expanding its terms in Taylor series about its initial solution, keeping only linear terms of increments in the series expansion:
Eq. (31) is a linear matrix differential equation in terms of unknown vector x
∆ , which represents the increments of vector x in the NewtonRaphson iterative procedure. The initial solution of vector x and its increment x ∆ can be assumed by the following equation:
where h 0 0
and the matrices h, z and z ∆ are defined as following 1  1  2  2 h sin ,sin3 , , sin ,sin3 , , sin ,sin3 , 
Consequently, the initial solution of vectors x  , x  and their increment x ∆ and x ∆ are given by 
As a second step of the IHB method, solve Eq. (41) for the vector . This is performed by applying the Galerkin procedure. 
Eq. (42) can be rewritten in a simple form of a linear algebraic matrix equation system for unknown vector as follows:
.
The matrix A is composed from linear and nonlinear part:
where
is the linear part and
is the nonlinear part of the matrix A and the matrix R is given by
is the nonlinear part of the matrix Likewise, the matrix m Q decomposed into linear mL Q and nonlinear part mNL Q as follows:
The matrices h, z and z ∆ can be defined from Eqs. 
Simulations
In this section, the analysis developed in the former sections is verified by the presentation of the simulation results. Two sets of analysis are carried out in this section. The first set includes a full frontal impact between vehicle "b" (standard vehicle in a free rolling scenario) and vehicle "a" (equipped with the extendable bumper and VDCS). The VDCS in the case includes anti-lock braking system (ABS) integrated with under-pitch control (UPC) technique. The UPC is developed with the aid of the ASC system using the fuzzy logic controller. The idea of the UPC controller technique is to give the vehicle body negative pitch angle before the crash and try to maintain the vehicle in this case until it collides with the other vehicle. The objective of the UPC system is to obtain the minimum pitching angle and acceleration of the vehicle body during the crash.
The second set of analysis also includes a full frontal impact between vehicle "b" (standard vehicle in a free rolling scenario) and vehicle "a" (equipped only with VDCS). The VDCS in the case includes anti-lock braking system (ABS) integrated with under-pitch control (UPC). The extendable bumper won't be used in this case to clarify the VDCS effects on the collision mitigation.
While the ADAS detected that the crash is unavoidable at 1.5 sec prior to the impact [34] , the VDCS and the extendable bumper will be activated in this short time prior the impact. The values of different parameters used in numerical simulations are given in Table 1 model has been validated to determine if the 8-DOF mathematical model provides a valid measure of vehicle response [25] . This is accomplished by comparing the mathematical model results with real test data and the results of the former ADAMS model [36] .
Front-end deformation, vehicle body acceleration, pitching angle and its acceleration are depicted as main criteria to assess the crash behaviour of both vehicles.
The following results compare the dynamic response and crash response of the two vehicles involved in a full frontal collision for both sets of analysis defined early. Figure 3 shows the front-end structure's deformation-time histories for both vehicles. It is noticed that when the extendable bumper is not used, the deformation increased to reach its maximum value and then decreased slightly due to front-end springs rebound. A reduction of about 20 mm of the maximum deformation is obtained in vehicle "a" compared with vehicle "b". When the extendable bumper is applied to vehicle a, the deformation of the frontend increased slowly to reach a specific point (at around 0.05 sec); at this point the extendable bumper is completely deformed. Then the deformation increased rapidly to reach its maximum value and then decreased slightly due to the rebound effect.
The fundamental advantage of the extendable bumper is to absorb more crash energy by the ability of use more distance available for crush. Therefore, the significant reduction in the front-end deformation shown in Figure 3 is logic. The effect of UPC system helps also reducing the deformation of vehicle "a", and it becomes more efficient when the extendable bumper is applied. The reduction of the maximum deformation is increased to be about 25 mm compared with vehicle "b", which is greater than the reduction obtained without the use of the extendable bumper.
The deceleration-time histories of both vehicles are illustrated in Figure 4 . Without using the extendable bumper, the decelerationtime history can be divided to three stages. The first stage represents the increase of the vehicle's deceleration before the front wheels reach the other vehicle. In this stage, a slight higher deceleration is noticed for vehicle "a" due to the application of the ABS. In the second stage, the frontal wheels reach the other vehicle and stop moving; therefore their braking effects are vanished. At the beginning of this stage a rapid reduction in the vehicle "a" deceleration occurs (arrow 1, Figure 4 ). This drop does not appear for vehicle "b" because it is collided at a free rolling condition, no braking effect. At the end of this stage, the vehicle stops and starts moving in the opposite direction. In addition, the braking force changes its direction and another drop in the vehicle deceleration is noticed as also shown in Figure 4 , (arrow 2). The maximum deceleration is observed in this stage and it is almost the same for both vehicles. At the third stage, a condition of allowing the frontend structure to be rebounded for a very short time is applied during the simulation analysis. During this stage, the vehicle moves back and the deformation of the front-end decreases as shown in Figure 3 . At the end of this stage, the non-linear front-end springs are deactivated and the vehicle's deceleration is suddenly dropped to a value of zero. This fast drop is due to the assumption of immediate stopping the effect front-end springs after very short time of rebound.
When vehicle "a" is equipped with the extendable bumper, the front wheels do not reach the other vehicle; therefore, the second stage does not exist when the extendable bumper is applied. Since the point of impact until the extendable bumper is completely compressed (between 0.04 and 0.05 sec), a higher deceleration is noticed for vehicle "b" compared with vehicle "a". After this point, a rapid increase of the deceleration for both vehicles is noticed. The maximum deceleration is almost the same for both vehicles; however, the average deceleration of vehicle "a" is less than vehicle "b". It is clear from Figure 4 that the maximum deceleration for the two vehicles are low (28 g) when the extendable bumper is used compared with (32 g) when the extendable bumper is not applied. It is also obvious that the effect of the UPC system on vehicle deceleration is insignificant. Figure 5 shows the vehicle's pitch angle-time histories for both vehicles. The UPC system is applied 1.5 second before collision, therefore, the vehicle body impacts the other vehicle at different value of pitch angles as shown in Figure 5 . The vehicle's pitch angle then reaches its maximum values (normally after the end of crash) according to the crash scenario. Following this, the pitch angle reduced to reach negative values and then bounces to reach its steady-state condition.
When the under pitch technique is applied along with ABS, the vehicle is given a negative pitch angle prior to impact, and the UPC forces generate a negative pitch moment prior and during the impact. In this case a great improvement of the vehicle pitching is obtained for vehicle "a". It is noticed that the use of the extendable bumper does not affect the pitching angle of vehicle "a", however, it affects vehicle "b" negatively. The pitching angle of vehicle "b" is increased by a value equal to about 0.7 deg, and this small value in fact is insignificant.
The vehicle pitch acceleration-time histories are depicted in Figure  6 for both vehicles. The pitch acceleration is increased very quickly at the early stage of the impact to reach its maximum value for each crash scenario due to the high pitching moment generated from the collision. At the end of the collision, all pitching moments due to the crash are equals to zero, vehicles speeds are negative with very low values, and the vehicle pitch angles are still positive. This means the vehicle is now controlled by the tyres and suspension forces, which have already generated moments in the opposite direction of the vehicle pitching. This describes the reason for the high drop and the changing direction from positive to negative on the vehicle pitch acceleration at the end of the crash.
As shown in the Figure 6 , the vehicle's maximum pitching acceleration occurs at the end of the collision. The reduction of the vehicle pitch acceleration in this case is also notable; it decreases from about 1900 deg/s 2 in vehicle "b" to about 1000 deg/s 2 in vehicle "a". While the effect of the extendable bumper is insignificant for the maximum pitch acceleration, the mean acceleration, especially for vehicle "a", is reduced. The reason of this is that the pitching moment generated from the deformation of the front-end structure is low during the use of the extendable bumper. For vehicle "b", because of the vehicle's rear wheels left the ground during the vehicle pitching, a sudden increase of the vehicle pitching acceleration is observed when the rear wheels re-contacted the ground (look at the arrows in Figure 6 ). This sudden increase in pitching acceleration does not exist in vehicle "a" because the rear wheels do not leave the ground due to the reverse pitching moment generated from the UPC system.
Conclusions
A unique vehicle dynamics/crash mathematical model is developed to study the influences of VDCS integrated with extendable bumper system on the vehicle collision mitigation. This model combines vehicle crash structures, vehicle dynamics control and extendable bumper systems. It is shown from numerical simulations that the extendable bumper surpasses the traditional structure in absorbing crash energy at the same crash speed. Furthermore, it is shown that the extendable bumper brings significantly lower intrusions and helps keep the vehicle deceleration within desired limits. However, using the extendable bumper causes an increase in vehicle pitching angle; it does not affect the maximum pitching acceleration. The results obtained from different applied cases show that the VDCS affect the crash situation, by different ratios related to each case, positively. The deformation of the vehicle front-end structure is reduced when the VDCS is applied, and this reduction in the vehicle deformation is greater when the extendable bumper is used. The vehicle body deceleration is insignificantly changed within the applied cases of VDCS. The vehicle pitch angle and its acceleration are dramatically reduced when the ABS is applied alongside UPC system.
